Abstract. For applications like the numerical solution of physical equations a discretization scheme for operators is necessary. Recently frames have been used for such an operator representation. In this paper, we interpret the operator representation using fusion frames as a generalization of fusion Gram matrices. We present the basic definition of U -fusion cross Gram matrices of operators for bounded operator U . We give sufficient conditions for their invertibility. In particular, we characterize fusion Riesz bases and fusion orthonormal bases by such matrices. Finally, we look at which perturbation of fusion Bessel sequences preserve the invertibility of the Gram fusion matrix of operators.
Introduction and motivation
Signal processing tools appear on an everyday schedule in modern life. For the representation (and modification) of signals, a mathematical representation of a signal, i.e. function, is needed. In such applications it can be hard to find a 'good' orthonormal basis, in the sense that it sometimes cannot fulfill given chosen properties, as formally expressed e.g. in the Balian-Low theorem [29] . For solving this problem, frames were introduced by Duffin and Schaefer [22] and widely developed by many authors [13, 18, 21, 24] . In recent years, frames have been the focus of active research, both in theory [15, 23, 28] and applications [9, 14, 19] . Also several generalizations have been investigated, e.g. [1, 2, 37, 40] , among them fusion frames [16, 17, 26] , which are the topic of this paper.
For a numerical treatment of operator equations, used for example for solving integral equations in acoustics [33] , the involved operators have to be discretized to be handled numerically. The (Petrov-)Galerkin approach [25] is a particular, wellknown way for this discretization. For the operator O the matrix M is constructed by M k,l = Oψ k , φ l , called the matrix corresponding to the operator O, or the system matrix. The standard way for the discretization of operators is using bases [27] , but recently the general theory for frames has been developed [6, 8] . Frames were also used in numerics [30] , in particular in an adaptive approach [20, 38] . In [10, 11] sufficient and necessary conditions of the invertibility of such matrices is investigated.
Note that the system matrix of the identity is the cross Gram matrix of the two sequences (ψ k ) and (φ k ). Therefore, in [36] the concept of matrix representation of operators using frames is reinterpreted as a generalization of the Gram matrix to investigate the inverses.
In this paper, we generalize this approach to fusion frames and investigate the invertibility of U -fusion Gram matrices of operators. In Section 2, we review basic notations and preliminaries. In Section 3, we investigate the invertibility of U -fusion cross Gram matrix of operators. In particular, we characterize fusion orthonormal bases and fusion Riesz bases by those properties of bounded matrix operators. Finally, in Subsection 3.1, some stability results are discussed.
Preliminaries and Notation
We now review some definitions and primary results of fusion frames. For more information see [16, 17, 26] .
Throughout this paper, π W denotes the orthogonal projection from H onto a closed subspace W, I H the identity operator on H and {e i } i∈I an orthonormal basis for H.
For each sequence {(W i , ω i )} i∈I of closed subspaces in H, the space
with the inner product
is a Hilbert space.
We now give the central definition of fusion frames:
Definition 2.1. Let {W i } i∈I be a family of closed subspaces of H and {ω i } i∈I be a family of weights, i.e. ω i > 0, i ∈ I. The sequence {(W i , ω i )} i∈I is called a fusion frame for H if there exist constants 0 < A W ≤ B W < ∞ such that It is clear that every fusion orthonormal basis is a Riesz decomposition for H, and also every Riesz decomposition is a 1-uniform fusion frame for H [16] . Moreover, a family {W i } i∈I of closed subspaces of H is a fusion orthonormal basis if and only if it is a 1-uniform Parseval fusion frame [16] .
Furthermore, the synthesis operator
The adjoint operator T * W : H → ( i∈I W i ) ℓ 2 which is called the analysis operator is given by Both are bounded by √ B W . If {(W i , ω i )} i∈I is a fusion frame, the fusion frame operator S W : H → H, which is defined by [16, 26] .
for more details see [16, 26] . From here on, for simplicity we say dual instead of Gǎvruţa-dual. The sequence of subspaces W := S −1 W W i , ω i i∈I is also a fusion frame for H and a dual of {(W i , ω i )} i∈I , called the canonical dual of W .
A Bessel fusion sequence {(V i , υ i )} i∈I is a dual of fusion frame {(W i , ω i )} i∈I if and only if
where the bounded operator φ V W : ( i∈I
W . Another approach to duality [31, 32] Let {W i } i∈I be a family of closed subspaces of H and {ω i } i∈I a family of weights. We say that {(W i , ω i )} i∈I is a fusion Riesz basis for H if span (W i ) = H and there exist constants 0 < C ≤ D < ∞ such that for each finite subset
The next theorem explores fusion Riesz bases with respect to local frames and their operators.
Theorem 2.2. [16]
Let {W i } i∈I be a fusion frame for H and {e ij } j∈Ji be an orthonormal basis for W i for each i ∈ I. Then the following conditions are equivalent:
The following characterizations of fusion Riesz bases will be used frequently in this note.
Proposition 2.3. [35]
Let {W i } i∈I be a fusion frame in H. Then the following are equivalent:
As a reinterpretation of the matrix representation of operators [6] we define, as in [36] : Definition 2.4. Let Ψ = {ψ i } i∈I and Φ = {φ i } i∈I be Bessel sequences in Hilbert spaces
given by
, it is called cross Gram matrix and denoted by G Φ,Ψ . We use G Ψ for G Ψ,Ψ ; the so called Gram matrix [18] .
where B Φ and B Ψ are Bessel bounds of Φ and Ψ, respectively.
We will use the following criterion for the invertibility of operators.
U-fusion cross Gram matrix of operators
In this section, we extend the notion of cross Gram matrices to fusion frames and discuss on their invertibility. We interpret the representation of operators using fusion frames [7] as a generalization of the Gram matrix of operators: Note that
where B j,i : W i → V j . Therefore G U,W,V looks like a block-matrix of operators [4] 1 , which motivates the name (cross-) Gram matrix, motivated by the discrete case.
Clearly, using (2.3), U -fusion cross Gram matrices are well defined and
Remark 3.2. Note that as in the discrete case
and so this an oblique
By using this fact, g ∈ ker(G W ,W ) if and only if
W ω j π Wj T W g j∈I , or equivalently, ω j π Wj T W g = 0, for all j ∈ I. The desired result follows immediately. Furthermore, it is easy to see that
To show the converse inclusion, let f = {f i } i∈I ∈ Im(T * W ). Then T * W (h) = f , for some h ∈ H. Also, there exists g ∈ i∈I W i such that T W g = h. Hence,
In the next, we are going to characterize Gram matrices of fusion orthonormal bases. (1) W is a fusion orthonormal basis.
Proof. Assume that W is a fusion orthonormal basis. Then it is not difficult to see that φ W W is the identity. Moreover, for every f = {f i } i∈I ∈ i∈I W i ℓ 2 we have
, then
The invertibility of S W implies that S W = I H and so W is a fusion orthonormal basis.
In the next, we discuss the relationship between the invertibility of Gram matrices and their associated operators. 
Proof. (1) ⇔ (2) By using Proposition 2.3 for the fusion Riesz basis W, we obtain , moreover, W is a dual of itself. Therefore, 
Hence, and the fact that W is a dual of W we have 
. Now, Proposition 3.4 can be extended to the following:
Lemma 3.7. Let W = {(W i , ω i )} i∈I be a fusion frame, and the fusion Riesz basis
invertible (the identity, respectively) if and only if U ∈ B(H) is invertible (the identity).
Proof. We can easily see that
Therefore, G U,V,W is invertible (identity) if and only if U ∈ B(H) is invertible (identity).
In the following, we investigate sufficient conditions for being Riesz sequences by properties of the Gram matrices of operators. Theorem 3.8. Let W = {(W i , ω i )} i∈I be a Bessel fusion sequence and V = {(V i , υ i )} i∈I a fusion frame in H. If G U,W,V has a bounded left inverse, then W is a fusion Riesz sequence in H.
We intend to state a characterization for fusion Riesz bases due to U -fusion cross Gram matrices. Theorem 3.9. For a fusion frame W = {W i } i∈I , the followings are equivalent: 
3)
The canonical dual of a fusion Riesz basis is also a fusion Riesz basis [3] . Hence, the operator T W and T * W are invertible by Theorem 2.2. Therefore, the desired result follows.
(
This shows that
Now, using the standard orthonormal basis of
In fact, fix j and choose f j ∈ W j arbitrarily and set f k = 0, for k = j. Then (3.4) shows that π Wi f j = 0, for all i = j . So, W is a fusion Riesz basis by Proposition 2.3.
Consider W = {(W i , ω i )} i∈I , V = {(V i , υ i )} i∈I and Z = {(Z i , z i )} i∈I as fusion frames in H and U 1 , U 2 ∈ B(H), it is obvious to see that
In particular, if U is invertible and W a fusion Riesz basis then G U, W ,W has an inverse in the form of Gram matrices. More precisely, the duality of W yields
Hence,
Using Theorem 3.4 implies that
G U, W ,W −1 = G U −1 , W ,W .
Stability of U -cross Gram Matrices of Operators
In this section, we state a general stability for the invertibility of U -fusion cross Gram matrices, compare to the results on the invertibility of multipliers [39] . Theorem 3.10. Let W = {(W i , ω i )} i∈I be a Bessel fusion sequence and U 1 , U 2 ∈ B(H) with U 1 − U 2 < µ. Also, let V = {(V i , υ i )} i∈I and Z = {(Z i , z i )} i∈I be fusion frames on H such that G U1,W,V is invertible and
where ǫ > 0 and B = max {B W , B V , B Z }. Then G U2,W,Z is also invertible.
Proof. First note that
Also, (3.5) and (3.6) implies that
Therefore, G U2,W,Z is also invertible by Proposition 2.5.
Corollary 3.11. Let W = {W i } i∈I be a fusion Riesz basis with bounds A W and B W and V = {V i } i∈I a fusion frame in H such that (3.5) holds. Also, U ∈ B(H) with U − I H < µ. If
where ǫ > 0 and B = max {B W , B V }. Then G U,W,V is also invertible.
for every f = {f i } i∈I ∈ i∈I W i i∈I . Therefore,
Now, Proposition 2.5 shows that G U,W,V is invertible in H.
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